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Simuistion of edge-effects In electraanalytical experiments by erthogonsl collecation.
Part 1. Two-dimensional coliocation and theory for chrencamperemetry
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separate repurt now in preparation. Extensions 1o
other mechamsm and electroanalynical expen-
menits will also be conswdered.

The two-dimensinnal medel
Convuder a planar, circular disc of conducting
material imbedided into an msulator (l-u 1) Th
mwdiss of the Ui is ro. The sadius 7y, of the

insulator may go to infinuty. From the symmetry of
the problem, o follows that we may use'tywo

suwd
ch M

Beano Srsrgs of STamsv Pows. Con. ). Chem €0, 1)3241900).
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plams (i & widne wae pour les On & denve i
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Imsreduction 6. In a system with several coupled charge transfer

One semplefy n the th and chemwal reactions dramatic changes of the

& of planar disc  overall voltammogram have bees attnbuted to

of
electrodes i the qu d semi-nfinite knear
dffusion. This results m the reduchion of the
threce-dimensional sysiem 10 3 one-dimensional
mudel, mmammulmmmmue

swrface is lhe only dr
Ci "ﬁr‘dh:ll

Uwree.

second law

edge effecta (M.
Several stiempls have been made to calculate the
d«lsddsdﬂﬂumwwumdaunnld
sysiems with al diifu-
swon (3, 6). Recemly, Neuue published a two-
dime model hased on the fnie dofference
method (8, 9), while Oldham (100 and Aok snd
Osieryoung (1)) developed analytical solwtions fur

ac 8% 3% a'rl

N =D+t the umpie reversible mechanism.
] at Tyl e catul echany i. with
nheu 10 the simgplor differontial that edge Jlt with
F1% ..uusm. ume and Jecreavng mlus of the disc
2] . b elecirode  The devistion frum pure Lottrell behav-
wor " clasmed 10 be belm 9 and 10°% for typeal
and the -.munul ond Mund efforts diffusion = 10 Scmifs, elec-
of hacar m-kmhnolun d«udymmlﬁus 9-11).
ma.mmmm-n AN J thus far, b , demon-

fnste disc wethowt edges. For real sysienm, how-
ever, thes of course 1s not possible.

srate results for unly the simplest mhamsm

Jinates 1 (p bhcular 10 the disc) amd 7
{along |he t-lm vector of the disc). We wre
the ¢ of all
spcml;;fun;t:‘md. 7 and the ime 2, where ¢
is given by sec mwukmm
tions of 1he type (9
ar ¥ 1dc ¥
o Geo|5 F5 -
and/(c)is determined by the kinetics of the sysiem
investigated. 1) 13 the diffusion coefficiem.
“l'muu?muluuu mechanism (4). There the

ng the
of species A, B, and C are given by [31-{7].

(7] A-%::lL.c
o o.[”"' :%#ﬁ]-m
m e of[""‘ ,”’;,‘J;,'.']w.

Fort = °“tw"'hlwnvmm

(e g. revenhic el fer case). ixt

Thus, measurements ot fimmte disc el d

ly requere eat noaal cifon.

should deviate from 1he simple e ']

Py

theory. In fact, it has been shown for defferent
eleciroanalycal lechmqun ucu s ch

) collo has been shown to pro-
vade a puwer } method to late resq of
several ok ] ! tech 10 a vancty of

pe! y and Y (1) chat the
doffusion current 1s hqhet thaa expecied from the
theoretcal calkculahions based on eq. [21, 1.¢. the
Cotired 12) for y. For
cychn voltammuograms (3) the peak m-mn "
larger than ive theoretical values grven by Nochol-
son and Sham (4). A number of papers have
accounied. fur these devistions as being due 0
sddvtsonal diffuson from dwechons other then
perpendicular 10 the dinc electrods (see ¢ g. refs. 5,

SUIB-40018T/111)92-1 1999 S0
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mechanrsens (12- " Up 10 now all theve ukul.o
hons have been pe J using vnc
deffusion models. | We want 10 repurt The Consinu.
tson ol 8 two-dimensional model for the diffusion to
and from a planar disc electrade and the dincreliza-
o of the resulting second order partial differentral
equations 10 give a sel of simultancous first vrder
ordinary dedlerentual equations.

The compamon of the results of this new model
with those already presemted is the subgect of &

@ racharches dv Capain

A

At

le reaC110n 0 £4. [4) is dawa
as an nllllll:lll but lhe extenon ::ndumuns i

1333

Fio. 1. Gesnuwy of the tow-dmnmisss) mated.
species B and C may not be present ot ¢ = § (initind
Condations {9), |100).

iIng, 220,726
M o ®=ct
(10 cotx, 7. W= cels, 7, B=0

Al the boundary 5 =, |.¢. st
mmm-mmum'm':

nod ch d during the
1>0,xw,r20

M) cm,r,0)ecp

12) com,r, e, s, )= @

we may that
the dulfusion coefficrents are equal: The same condition may bold for & distance 7 far
8] Di=Dy=Dc from the elecirode radually:
ol 1>0,220,79w
L}":“m . i -: y for orthogosal (1)} e, =, )= et
""""'.k . " 4] cpls.o, eccs, @, )=0
mshloumlu!hmluusucm m Al the electrode surface the Nernet has
inttial and b e imp be fuifilled I poperivd
the solutiom of ey, I!I Letus ach —— _El:&c;r;lewﬂwlnwnl

perometnc expenment, where species A, the sub-

n.mmudumm

sirate, s present ot a Iy
tatthe b g of the exp The prod

h hu‘hmﬂ"‘ll
Nthbylldbl condutions ot
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the electrode surface are given by the fux eque-
tions (15) and [ 16).

20, 1=0,05r510

al0.7.0) aF o
l14a) :.uo.'.n'“'[ﬁw D]
(146) a0, 7, 0)=0

da - 6.2
[14] (-BT).-. (““
b\
e (5),.-

Atz = 0, but owtside the electroactive srea (7 > 7o),
fer and we

oL &, e

. quﬁhnﬁlmw”mm

211 Xeasll

22) c*=ckl

(23a) R=riry

(238} R'=(r~rdKM 1

(4] «=kriiD

125) TeDivi

where X is the dimensionless distance from the
electrode, L is the destunce from the electrode in
the z direction defined 30 that a1t X = L no changes
in concentration tuke place during the time of the

c®isthed onless ¢ "

RO species may undk )
have boundary condwion {17},
>0, 5=0,rSr—o"

¥ca dcp dce
o () (5 )
of the sy y of the problem there may
be 0o net Aux of any species across this x-axis ot the
center of the elecurode 2 = O).
1>0,520,r=0

da) L f3e) o) -
m () -5 G).
wi...“Hmmm&cM
model system for an EC-mechanism wnder chrono-

smperometnc condelions.

Since there are different boundary conditions for
2 = 0insde 0 S o) and owisde (r > 1) the
& de, i is & 10 describe the wi
sysiem by iwo coacentration fuactions ¢, and ¢,
whuch are defined for 0 S 7 S 7 and 7y < 7
mﬁvdy.‘l‘onndmmur-r.n
have (0 apply some addstional *‘bonndary”* condi-
tsoms for all specees:

119 ca, 1o, )@ e, P 8)

The second derivative of ¢ with respect 107 is only
defined if the first denivative with resp has no
discontinuity ot 7 = 7, amd this gives the further
conduons

m ()2,

fov all species.

% hes been poisted owt (12) that erthogonal
collocation may be applied ealy to dimeasioniers
sysiems which have beea converted from semi-
infinite models to models in the rangs 808 L.

R aod R’ are the dimenswoniess distances i the 7
direction nside and outsile the elecirode disc
respeciively, M is the distance in the 7 dwecuon
defined wn the same manner as L, and T is the
dimemioniess simulation time.
Application of eqs. 1211-123] and the subdivision
hlnmvudw«lumtmr.lnlr.dm
14)-{18) yield the dimensionlcss model [26}-133)

no Sheslheq TRet
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ety L dhy | ) By, , ek
i SE=tsmtE o T

where
1291 p=riiL?
and
o o I [ ]
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P R !
m FYad ’ X7 ’—_M FY 3
%l
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LR el UV T
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Y

o e —— e >
ween A0 pN 199
l"::'! , >0 X=8 0<h's|
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with the initial conditsons i X L (Ol ).-.-(_071)...-.

T'a0,0SXs), 0SRSEL OSA'S >0, 0sX5), Red
4 LR O =X R W= det, oy B
0 AR =t R O=ctin, a0 (37).-. ° (O_"L - (T:')-. =e

XN Q=0 T>00sKs), Rel(=®

and boundary conditions N X 1. T ctdX.0.7)
T'>0, X=|, 0SRSI 8 WX Lo chiX. 0. T
D6l (LA T)= ) (L] ew.n.n-mx'o.n

B (LR TI= LR T)=0
T'>8, X=1,05R's1

m (3] )

SRR S 8
>0, 05Xs1, K'=1 51 (%L - :‘a_h)...

1490} 14X 1, T)=1
) XL T)= X 1, T)= 0

T'>8 X=0,05R%1

e e
specres A, B, snd C j
Gunction of X, R(RY), and T°. we

‘Two-dimenstonsd sullocyiine

€3(0.R. T) aF Orthogonel collocaton wees ;
Wl QT r')'"’[k_r“’"ﬂ] ble traat % descrbe the sokaton of &
B 108 T)=0 T ol wehend o) pol vt o e e

act, act. fi the delf¥; '] [ fied at the
109) __) ...(_ 2evoes of the polysomal of heghest order wsed
;x tes . \OX Jice xnrlwamdadhmmlm-.m”:
. o perk vy Nagpry .
. To ¢ -~ " n tve
i - . 5 and 7, ws wos & tninl funcues
(] depending on x and ¢ :

wo
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H

i 1 aad ¢ whowe tme-depemtems Coefbcirmr e
the &,;. The polynomisl is of ordes N, + 2 and N,
+ 2 with reapect Vo 1 and 7, tespectively. The
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points in the 5 and r directions, respectively

Roej M0
LU IPTPRNE TS N 3 WY

L ]
The ot the cold points may
be the elements of a concentration matria I 5
8l Fa=X,Aunl,
which is calculated by multiplication of a matrix
) N g the x/ ' as el s matrix A,
Contamag m clements A.,. and & mainix A],,

rt The T

mu-w o M

. Now vcdu- calculate Ih lm d second
pounts with respect (0 5 and ¢ m'dv

1N Foe Xy AuRY

158) Frg=X0f-Au R,

M TLeaXy A, RS

o I e Xy, A, KT

m the superscnpt s(r) denotes the frs! and
dongly 5 4(77) he second derive-
ive with respect (o rir).
From og. pquhluu“

o) AueX) bR

ANer isserviag (61) ime [S7) we asvive o

o TL=XeX)-fa=AuTa
whers she frst devy of the ou ith
rexpect 10 s 0

can write
ln ( ) 4.;‘“:-’.-')
LN Y l

e not
-l ﬁ)“ = 5 Buctnnn

ney
19 (a' Y Caclinn. )
oty i=t
and
2% LU
ot 57)'.4 - .;. Diactagn, 1)

As has been pointed out by Whiting and Carr (12)
far the one-dumensiwonal cate, the matrices A,
By €y amd Dy, depend solely on the type of
polynoenal used as tnal function and may be
calculated from the zerues of this polynoawal. This
has to be done only once. Using the values of the
elements of 1huse malrnes we are able 10 express
the eiTerentisl quotients of ¢ with respect 101 and r
a1 N collocation punts.
“:ummmumummm

ble 112)
Mumud(‘hﬁy\nﬂmlmmmﬂu-
sion weder sphencal geomeiry. It may be noted,
however, that the chuce of the trial function does
wot have & large effect on Whe accurscy of the
solutions for gher order approrimations. In gen-
eral, the beut tnal funciion s determuncd by the

d » a h o e
:v:“ aell. bn analogy egs. [61) and (38}
W FE=Xs Xl fa=0ufy
From (61] and |99 we gn
B T el R R e, (R A

o, AR, R

[
) Na=l,C,
Anslogous frem [61) and j8)
W Gel,® 'd)""'-.a .‘

P

y of the probi
"in thes work, unuemmm
wacd for deacretiratm alung the 3 -covrdaate. The
- he of the ¢ Snate has
been perfarmed waing deiferent types of fumtom
wchudng Legendre, ChebyshefV, amd pulynomsals
cominucted frum even powers of 7, whah u
mnhmdhmw
r=0f

Discretionsion of e squations b
chrunuamperamelry

We can sub .

(671-{ 704 fur the partul Joffecentaml quokents in oqs.
1264-{28) and § 30)-1 12} Thes yrolds expressmns for
the tumg d of e of speciee
A, I.ﬁcudumwﬂ‘“'

‘lh

pomts. ¥ we sub l&“ ‘ b
Illl—llll.llzbllu .. nam-nlucpco-mud
Gar bohind £°) and [47)-{4Y), ws amive at

i

[} .2
LI IS l-u.m ¥ neon. . n]
. oleucx.ur..o )4 Enractlhi, l.no}:, EucliX. R, n]
L [n.em. S o, m, r)]

lc._.q.u.. 0.7 4 Eqoyac bl 1.7+ *}; Bl &, n] _—_—

) %’—.‘L -l[lurm.k.. n+‘§ Btk My, n]
[Eucux..o. )4 Enpractien s rn}; Eacbik. R, n' rort,

pa Sk -ulu.rx.m.&.nu.,,.n z;v.,cw..n.. n}

+P {FlLactiX,. 0, r')+&,.n+'§ FiactiX, Ry, nl

L T WV R v n|
w[mcw. ar+ Y R x; n] ety

. -i(l..cuo.&.nfzum.,v..nl

o (r:.ew..o. M+ ‘g Fiactik, N, n] tocke

whers
m a.-‘—-——-“‘,‘.""“
ond
M Fu= e *Dl'a

Vl

The prened terms, uuuf‘ld. correspond 10 the suter fuactions. Equations [71)-{76} cosaia

R AT R A A Sy
5 . . s eh0, .

Rai cL40. K T, L0, K T, 10, K, T)'tor i R which oted Sm s vy

m I‘)I yieids

Y Auctan . 1= “Yavam

Mﬁﬂrx'mlﬂlm-‘m.‘“h‘!M‘“'lﬁ
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199 bR T)=- ﬁ LIV R S 2 AutetitXy, Be, TY 4B Xy B T "l

Condition (44] is chenged 0o - -
Aceesston » -

(2] .
'meu..n-- 1S ooy
R e mrodusion ot UL DTIC 1°3
which "'"""': " Unanmowiy -
Bl 0K .)__E:'z At R, T Jusuﬂcetlon-...
Yo anslogy i may be derived from [45) end 140) or [41) o
R ' +.§4 2N, K ”l oy
LR TR g et 5 AT Distrtbuttony
Ve ) Avallability ¢,
' LR AP, 2 y Co-
0] LO.N,.T)= ‘H.Z e bAX, K [Avail apa vy
and

[] L X1 " n
AR, TI= - 7= S Auctili, K,
The condition (46] gives, for species A, B, and C
o0
) ,w"..n.-é: Cruersthiths I.T’H: CuctdXe. K, T)

(oo

ond
. .

o1 eI 2 c......cux..‘n.no'g cucz.u..n..n] )

Condition (30} yiekds

S Curel e T 5, VI Gt KT

which may be expanded and iransformed using [40] and {47)
M cnera,n VI CLI et 1, TY+ Comyo s X 8, T

=~ ¥ Cnctit 2T+ 5 VB ittt R TV VB Ginna
From [85] and (99] it follews that
l
99 ik, 1. T)= K. 0.T)= ?:" l:g HetiX, R, T
0}‘1' CLaVF CLrct Ak RS, n+c.,vr‘q~.,]

where
) G = Caernen =V Ci )0 = CrnesCapers

At P e i

-4

and
1921 Hy= ConesCiy = C14Compr

Conditions (46 and [31) (146) and (52D ore ireated similarly wsing the carvesponding boundary en-
pressiuns. Thas,

o0 -4
93 bl LTY= ke 8, T ?:'T [}; M., R, n+';'c.,.vl’c.'.eux.. %, l
-

%) chX. 1. TV cthXn 0, 7Y E'.' m'me.a.. &, no'g'c...vrq,m.u.: 0y ]
Finally , the concentrations of species A sl R = 8aad all X, mey bs caiculated by intreducing (90] into [£5):
9 .- -cl. l}f;c.cx.m.n.. )
)
0}:. Coera VI CLaeliRi, R nocww"q.u]
¢ 0 +
LTIV AR o T 'al. l}; GebiX, R, rnz Caera VIFCLeBAN, RS, n'
and that
I &8 *
PN A TIm- [}; aew..&.nf'z Cas VG tAR RS TY l
Now we may substituts the waknown terme in 938. [71}-{76). Prom (71}, using [90] and [99] it fellows
1}
198) %L -9 l’u.n' :; BcliXy Ry, r)l 0?;: l’u"f‘q’nu
+ 3 VP Gl - Cornad = 1o + s Comorb 24T B T
+}';' 1oV CustiX. K. nl

where

19 ba=EnoraCii= ErsCaora
and

1100} Jpp = EvaCos~ EaCa
Combination of (72) wit {80}, 193], and (96} gives

¢ F X1 )
oy S -é 'z‘w..l..n-m 4“..0'; Aucx.u.n..n]]
o0
‘= & stV Gy = Caonnod) = o Cinos + ha Comy ot B Ao T
1]
4'52 La VP Cuctd X, RS n| ~och
-] oy

e e —— - Lo . s
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whers

- W
:'utm:a;;mmumcimmnn-mm.muml

L X1
ver G| -2 lg Kuett 20, T
+ = lx VsV €L = Cuporin o — 1aCimger + haCrm sl X Ry, TY
G, | S

+"2"; LaVF Gyt R n] +uck,
-

the same scheme. The time derivative of

The outer fanctions for all theee specics Mtive of

Jomain is found , 1821, and (901, and i analogy the
w‘m may hm!ull. l|.3|. and |93) or [76), (84}, and [94).
)
U 3 [P VW n]
i o8 B
o & [ s Fatienin w1+ ¥ taeronn; |
Ll

with
1103)  Liaw FuGy + C:u VI CuFia

e %L‘]’:lg w.-l.'.n} |
+ %.' ".g‘r:..&cm- &, r»:g Lived X, &, n' -y

"" - *f" Xy '.r)]
1en L ‘ML t...cu.&" )
oL ["; r...mw..u..n+}; LiactiXo R, nl .y

. o ot

Now is second ovder pertia) difTe: i onad far if the sheory hes bees
m::n‘?l:-i”;ll and (30)-{32) has been traas-  derived Qnce s my €asy 10 emeu tms
formed of IN,(N, + N,) computer , i more comph-
 lfereniat eqrorises 199, 1101}, (103), only meonr

e

desires, for example, 10 cakoulate the spectraciec.
trochemical respunse (1) of species C ome is
interestcd i the conceatrution protiles of C gs well

108) iwm s
I1oa) "‘D(u)

where A is the o) area of the ey de.
msm-hnthulhclnankmim
aver 4.
IMuclunymlmentheaudam
e cdge effects. In-

Mead, lhmu.mby
(109} ‘—nFDI"h'(E) d

whete the r-dependent flux through an infnitesi-
mally smalf pant 2xrde of the electrade is imegrated
over the eleciroactive section. -1, of the ».
coordinate.

Using the irsmsformation equations equatioms (21)-{23),
{251, and the defiention of B (eq. mp, . {109

i e ()

'hFAtl—-—V._-I ( )l-o
_The chronoamperometric *‘comstant™ 4Vj i
Given by
W iVie WFAQVBVEF

I () o

Al

formulue have o be p
o ““l‘,ldllﬂl thsy\m;m (hw m‘:-mm of the tieory hm experi-

depend of species A, B, mental lech i.e. other b
m(‘ulhce:l‘:ummﬂx..k.)“(x..l.' ucuy Mﬂu“udeu
the concemtrawon profics winch .
mnaummuum Weuumpum”:mddu
gyt mum formulae akuhu ‘“mmpvﬂgz‘:hndllw
birkesnd-o by Cisnot ot ive and dues ot react (o or with

aoms. ‘I\-:‘udhmdhm <

1

A B _

dinte { 16). H ,lo-'

28 this product in
nl-uhh Cmnlm @

ViLe wFAcRVD
12} v, __v._

o e

Since the difteronsial

.,:;'m m‘“ﬂlﬁhnim
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